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Abstract. For each k > we find an explicit function /j. such that the topology of S inside the ball 
Bg(p,r) is 'bounded' by for every complete Riemannian surface (compact or noncompact) S with 

K > —k 2 , every p £ S and every r > 0. Using this result, we obtain a characterization (simple to check 
in practical cases) of the Gromov hyperbolicity of a Riemann surface S* (with its own Poincare metric) 
obtained by deleting from one original surface S any uniformly separated union of continua and isolated 
points. 



1. Introduction. 

This paper has two parts. In the first one we give a result bounding the topological complexity of metric 
balls in terms of the geometry. The bound we obtain is quite precise, and as an application we show in the 
second part some useful criteria for Gromov hyperbolicity of the Poincare metric on a Riemann surface. In 
particular (Theorem [6^4]), if S is a surface with finite genus and we remove from S any 'uniformly separated' 
closed set E, then the Poincare metric on the deleted surface S \ E is hyperbolic if and only if S was 
hyperbolic with its own Poincare metric. 

Bounding the topology in terms of the geometry is a natural topic of research; to mention a few examples 
see [TB] , [IB] ) [IS] ■ More concretely, it is shown in [IB] that the fundamental group of a compact n-manifold 
M with sectional curvature verifying K > — k 2 can be generated with less than C elements, where C is a 
constant which just depends on n, k and the diameter of M. Theorem l2.3l b elow is the noncompact analogue 
for surfaces; it bounds the number of generators of the fundamental group of a metric ball B(p, r') by a 
constant times the gap between the two sides of the classical comparison inequality: 

2tt 

(1.1) length dB(p, r) < — sinh(fcr) , 

k 

where r is slightly larger than r' . The result is sharp: when the bound in Theorem 12.31 is an equality the 
metric ball is a topological disk and its curvature is constant. An essential ingredient in the proof of this 
Theorem is a second order differential inequality (|2.8j) relating the area and Euler characteristic of a metric 
ball, as functions of the radius. 

In Sections 5 and 6 we apply this result to the theory of Gromov hyperbolicity. A geodesic metric space 
is called hyperbolic (in the Gromov sense) if geodesic triangles are thin. This means that there exists an 
upper bound (the hyperbolicity constant) for the distance from every point in a side of any geodesic triangle 
to the union of the other two sides (see Definition 13. 3[) . 

Gromov hyperbolic spaces are a useful tool for understanding the connections between graphs and Poten- 
tial Theory on Riemannian manifolds (see e.g. [3], [10], [M], [24], [25], [40]). Besides, the concept of Gromov 
hyperbolicity grasps the essence of negatively curved spaces, and has been successfully used in the theory of 
groups (see e.g. [TS], [T7] and the references therein). 
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In recent years many researchers have been interested in studying Gromov hyperbolicity of the metric 
spaces which appear in Geometric Function Theory. In [7] and [26] it is shown that the Klein-Hilbert metric 
is Gromov hyperbolic (under particular conditions on the domain of definition); in |20j it is proved that 
the Gehring-Osgood metric is Gromov hyperbolic, and that the Vuorinen metric is not Gromov hyperbolic 
except for a particular case. In [5] significant progress is made about the hyperbolicity of Euclidean bounded 
domains with their quasihyperbolic metric (see also [8] and the references therein). 

The study of Gromov hyperbolicity of a Riemann surface with its Poincare metric is non-trivial. An 
obvious reason is that homological 'holes' may be surrounded by geodesic triangles which are not thin. For 
example in the 'infinite grille', a Z 2 -covering of the genus-2 surface, triangles engulfing many holes are quite 
'fat'. An even stronger reason is the result, proved in [38], that the usual classes: Oq, Ohp, Ohb, Ord, 
and surfaces with linear isoperimetric inequality, are logically independent of the Gromov hyperbolic class. 
More precisely, in each of these classes, as well as in its complement, some surfaces are Gromov hyperbolic 
and some are not (even in the case of plane domains) . This has stimulated a good number of works on the 
subject, e.g. [2J, [2T], [221, US, E3, [IS], EE M- 

A characterization of Gromov hyperbolicity for a surface S* with cusps and/or funnels was obtained in 
|33j and [34] . The idea there was to identify the cusps and funnels of S* with pairwise disjoint compact sets 
{E n } removed from an original surface S, so that the conformal structure of S* equals that of S \ U n E n . 
Of course the Poincare metric changes when removing the sets E ni but control of the resulting metric in 
S* was achieved in terms of local information in S near each E n . Those two works use the idea of uniform 
separation: the E n are placed inside compact neighborhoods V n D E n having controlled topology each, 
and subject to conditions such as dV n being neither too long, nor too close to E n or to the other V m 's. 
The criterion obtained in [34j additionally requires a 'uniform hyperbolicity' condition, namely that a single 
constant is valid for the hyperbolicity of all sets V n \ E n with the metric induced from S* . This condition can 
be hard to ensure in practice. In this paper we give two criteria for hyperbolicity: Theorem 16. 1[ based on 
uniform separation but without the uniform hyperbolicity condition in their hypotheses, and Theorem 16.81 
based on 'surrounding' the E n 's by curves of controlled length (each E n is thus placed inside a ball, but with 
less constraints than in uniform separation). In a nutshell, Theorem 16.11 states that S* is hyperbolic if and 
only if S is hyperbolic and a reasonable metric condition on the handles of S is held. There follows an even 
simpler characterization when S has either no genus or finite genus, since in this case S* is hyperbolic if and 
only if S is hyperbolic (see Corollary 16.31 and Theorem 16. 4[) . This criterion has already received important 
use in [23] . 

Two ingredients have proved essential in the proofs of these criteria. One is the above mentioned bound on 
the topology of balls. Another ingredient consists on results about stability of hyperbolicity; this means that 
we can set free some apparently important quantities and still have uniform hyperbolicity. In this direction, 
Theorem l5.1l and Corollarv l5.3l guarantee uniform hyperbolicity even in situations where the 'punctures' E n 
approach one another. Likewise Theorem 15.51 gives uniform hyperbolicity of all surfaces with a fixed bound 
on the lengths of all of their funnel borders except one (see Definition 14. 9p : this is a remarkable improvement 
of a previous result [34] Theorem 5.3], where all such borders had to be controlled. 

It is also a remarkable fact that almost every constant appearing in the results of this paper depends 
just on a small number of parameters. This is a common place in the theory of hyperbolic spaces (see e.g. 
[13] ) and is also typical of surfaces with curvature —1 (see e.g. the Collar Lemma in :3B] and [39 , and 
Theorem 12. 3p . In fact, this simple dependence is a crucial fact in the proof of Theorem 16. II 

Notations and conventions. Every surface in this paper is connected and orientable. In Section 2 we 
denote by dB r the extrinsic boundary B r \B r of a ball B r as open set of an ambient surface S. In Sections 4, 5, 
and 6 we shall consider bordered 2-dimensional manifolds, and then the symbol d, followed by the manifold's 
name, will indicate the intrinsic boundary of its bordered structure, e.g. d(S 1 x (0, 1]) = S 1 x {1}. If (X, dx) 
is a geodesic metric space, we shall denote by Lx the induced length, and given YcXwe shall write dx\y, 
or simply dy, for the geodesic distance induced on Y by dx- When there is no possible confusion, we will not 
write the subindex X. Finally, we denote by c, k, Cj, and kj, positive constants which can assume different 
values in different theorems. 



THE TOPOLOGY OF BALLS AND GROMOV HYPERBOLICITY 



3 



2. The topology of balls. 

In this Section we give upper bounds, in terms of the radius, for the growth of the topological complexity 
of distance balls in a surface endowed with a Riemann metric. Unlike the rest of the paper, we allow the 
Gaussian curvature to be zero or positive somewhere. 

Given a surface 5, the topological complexity within S of each distance ball B{p, r) will be measured 
using the integer n(r) defined as follows: 

(2.2) n(r) := minimal number of generators for ni^B(p, r) , f>) . 

Given ro, we are going to bound n(r') for some r' > ro not far from tq. This seems unavoidable because 
n(r) is not always a monotonic function of r. Figure [1] describes metric balls B r such that n(r) goes up and 
down as r takes on three values r\ <T2 < r^ . The starting ball B ri (leftmost in the figure) is diffeomorphic 
with a disk but its frontier in S is a curve with three points of self-tangency; it has n(ri) = 0. The ball B r . 2 
has n(r2) = 3 but one of its boundary components (a 'spurious hole') bounds a triangular disk in S. When 
r = r3 the triangular hole has disappeared and then n{r^) = 2. In general, we need to go from B ro to some 
larger B r i with fewer spurious holes. 

AA 

Figure 1. 

Remark 2.1. In this section we always work within some closed ball B(p,R) satisfying the following 
conditions: 

- The open ball B(p, R) is not all of S. Thus for each r < R the boundary dB(p, r) has positive 
length. 

- Every geodesic issuing from p continues up to length R. In particular, B(p, R) is compact. 
Definition 2.2. For each r > let £(r) denote the length of the boundary dB(j>, r). 

Theorem 2.3. Let k, c be positive constants and assume ro > is such that the ball B(p , ro + % ) is in the 
hypotheses of Remark \2.1\ 

If the metric is real analytic and satisfies K > —k 2 , or if it is smooth and satisfies > K > — k 2 , then 
there is a radius r' , strictly between ro and ro + %, such that 

(2.3) n(r') < -±- ( sinh(A:ro + c) MiZjlll ) . 

smnc y 2ir I 

This inequality is also valid if n(r') is defined using the fundamental group of the closed metric r' -ball, and 
it is strict unless the ball B(p,rQ-\-%j is an infective image of the exponential map (hence a disk) and has 
l\ /,-. 

Sill tl ^ 7"»q j 1 

In particular n(r') < — < — 5-e . Any general bound for the fundamental group 

sinh c 1 — e 2c 

must grow exponentially with the radius: consider copies of a fixed K-piece with K — — k 2 ; if we paste 
them together following the combinatorial design of a binary tree, we obtain an example where n(r) is 
asymptotically equal to coe ClV for some constants cq, c\ > 0. 

Using Theorem 12.31 one can improve the constant in |33[ Theorem 3.1], a result which says that Balls of 
small radius (depending on the Gauss curvature bound) are simply or doubly connected. 
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Remark 2.4. For analytic metrics, and for those satisfying K < 0, we are going to see that, as r increases 
from to R, the topology of the distance ball changes only at values of r which make up a discrete set in 
[0,R). For all other values of r the inclusion B{p 1 r) » B(p,r) is a homotopy equivalence. The function 
d(p , •) thus behaves like a Morse function. 

The present Section is organized as follows. We first examine in depth the pertinent properties of the 
cut and conjugate loci. Then we establish the regularity of the function £(r) from Definition 12.21 and give a 
formula for its derivative. After these preliminaries we prove Theorem l2.3[ for which we shall use a differential 
inequality (|2.8p which relates area and Euler characteristic of metric balls. 

Let Exp p : T p S — > S be the exponential map. The boundary dB(p, r) is some closed subset of the following 
image 

Exp p ({v€T p S; ||v|| =r}) 

which is usually a complicated curve on S with many self-intersections. In particular, some parts of this 
image will lie interior to the ball B(p,r), not on its boundary. 

Definition 2.5. The tangential cut locus of p is the set of vectors v G T p S such that Exp p (iv) defines a 
minimizing segment for t £ [0,1] and not for t € [0, T] if T > 1. The cut locus of p in S is the image of the 
tangential cut locus under Exp p , and its points are called cut points. 

The tangential first conjugate locus of p is the set of vectors v € T p S such that Exp p has nonzero jacobian 
at each iv with t £ [0, 1) and zero jacobian at v. We then say that Exp p (v) is the first conjugate point of p 
along the geodesic with initial data p, v. The set of all such points, egual to the image of the tangential first 
conjugate locus under Exp p; is called first conjugate locus of p in S . 

We work in a ball B(p,R) which is the exponential image of the tangential ball B T R — {v ; ||v|| < R}. 
Denote by Cut p the part contained in B R of the tangential cut locus. Denote by Cut p the part contained in 
B(p, R) of the cut locus. Denote by Conj p the part contained in B T R of the tangential first conjugate locus. 
Denote by Conj p the part contained in B(p,R) of the first conjugate locus. 

We base our discussion of these sets on the work of Myers [55] and , the reader may also see [27J and 
[5Tj . If non-empty, the tangential loci are described inside T p S as polar graphs: 

ConjJ = {||v|| =#!(<?)} , Cv^ = {\\v\\=R 2 (9)}, 

where R\(9) is smooth and i?2($) is continuous. For i = 1, 2 the domain of Ri(6) is either the whole unit 

circle in T p S, in which case the polar graph is a closed curve, or a finite union of closed arcs in the unit 

circle, in which case the polar graph is a finite union of embedded arcs with all the endpoints on the outer 
t 

circle dB R . These polar graphs are compact and so are their exponential images Cut p and Conj p . 

Lemma 2.6. // the metric is real analytic and B(p, r) ^ S, then Cut p fl Conj p n B(p, r) is a finite set. 

Proof. It is proved in [281 Lemma 10] that any cut point for p which is also a conjugate point must be the 
exponential image of a vector which is a local minimum for the norm || • || in ConjJ. We claim that the norm 

has finitely many local minima in Conj p fl B r . Assume the contrary, i.e. that there are infinitely many local 

minima for the norm in Conj p n B r ; then infinitely many of them belong to a single connected component 

C of Conj p n B r and thus accumulate to some vector vq G C with ||vo|| < r. The real analytic curve C and 
the circle centered at and passing through vo have a contact of infinite order at Vo, hence they coincide. 
But then Exp p sends that circle to a single point and B{jp, ||vo||) is all of S, thereby forcing B(p,r) to also 
be all of S. □ 

The results in [25] and [5U] describe the cut locus of a point on a surface and how it is reached by 
minimizing geodesic arcs starting at such point (this second part is what most interests us here). Under our 
hypothesis (analytic metric or K < 0) the set Cut p is an embedded graph in S with finitely many vertices 
and finitely many edges in each ball B{p, r) not equal to S. The points on this graph can be of three kinds: 
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• Vertices of multiplicity 1, i.e. points at which only one edge arrives. These are conjugate points for 
p , and so they do not exist if K < and they are finite in number if the metric is analytic. Each of 
these vertices is joined to p by only one minimizing geodesic arc. 

• Points of multiplicity 2. These are the points on the interior of the edges. 

• Vertices of multiplicity m > 3, i.e. points at which three or more edges arrive. 

Each edge is an embedded arc in S, and it follows from [55J Lemma 11] that it is smooth except perhaps 
at the conjugate points that it may contain. Thus each edge is smooth except perhaps at finitely many 
points. It is proved in [29j page 97] that every interior point of an edge, smooth or non-smooth, is joined to 
p by exactly two minimizing geodesic arcs (of course, having the same length). The same argument proves 
that if infinitely many edges arrived at some cut point q then there would exist infinitely many minimizing 
geodesic arcs, all of the same length r, joining p to q (which must then be conjugate to p). If K < this 
does not happen because there are no conjugate points. If the metric is real analytic then Exp p would be 
a real analytic map taking an infinity of tangent vectors at p , all with norm equal to r, to the single point 
q. This would imply S = B(p,r). Therefore a ball B{p 1 r) not equal to S does not contain any vertex of 
infinite multiplicity. Once vertices of multiplicity 1 are finite in number and vertices of infinite multiplicity 
do not exist, the total number of vertices and edges is finite due to topological reasons. 

Let j(t), 1 < t < 1, be a geodesic with 7(0) = p and v = 7'(0) a vector which is a local minimum for 
r in the tangential first conjugate locus, then q — 7(1) = Exp p (v) is a first conjugate point of p along 7. 
Figure [2] shows the behavior near q of the geodesies which start at p with initial velocity close to v. 




Figure 2. 

Consider a circular arc Co C T p S centered at and containing v as midpoint. Figure [3] shows the 
exponential image T q of Co as well as orthogonal trajectories of the geodesies displayed in Figure [H which 
trajectories are subsets of the exponential images of circular arcs centered at 0. If 7 is the only minimizing 
path from p to q then the orthogonal trajectories shown in Figure [3] lie on the boundaries of balls centered 
at p ; in this case the part of the cut locus on Figures [2] and [3] will be the dotted line. If there are more 
minimizing paths from p to q then some part of the orthogonal trajectories will lie on the boundary and 
another part will lie in the interior of the corresponding ball; in this case the cut locus will have, in addition 
to the dotted line shown, other branches ending at q. 



q 




Figure 3. 



Remark 2.7. Since the geodesies in Figure [2] meet in pairs making an angle which tends to zero as the cut 
point tends to q, the image T q = Exp p (Co) is of class C 1 at the point q, but not of class C 2 . In fact the 
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geodesic curvature of T q at q (defined as limit of the curvatures at points close to q) is a positive infinite 
multiple of 7'(1) because small arcs of T q around q are supported by distance circles of arbitrarily small 
radius centered at points of the dotted line. 

We next define a type of point which is of great importance in our context. 

Definition 2.8. A middle point is a cut point q at which two minimizing geodesic arcs (of equal length) 
issued from p meet 'head on', i.e. the velocities of the two geodesic arcs at q are each a negative multiple of 
the other. 

If 71 and 72 are those two minimizing arcs, then 71 followed by reversed 72 defines a geodesic loop based 
at p and having q as middle point, hence the name. 

Lemma 2.9. Suppose the metric is real analytic or it satisfies K < 0. If the ball B(p,r) is not all of S, 
then there are only finitely many middle points inside it. 

Proof. Suppose that, on the contrary, there is an infinity of such points. Then there is an infinite sequence 
{(v n ,L n )} where Vi,V2, V3, . . . are unit vectors in T P S and Li, £2) £3, • • • are lengths bounded by the 
number r, so that the points Exp p (L„v n ) are all middle points of loops based at p. Therefore we have 
Exp p (2L„v„) = p for all n. Since {L n } is bounded we extract a subsequence, again denoted { (y n ,L n ) }, 
that converges to some pair (vo, L) with L < r. 

We prove first that this cannot happen for an analytic metric. There is an e > such that for every unit 
vector v close enough to Vo the geodesic segment 

T(v) := { Exp p (iv) ; 2L~e<t<2L + e} 

is small and very close to p. Fix one such e > and consider the function: 

/(v) :=d(r(v),p) . 

Once e is fixed, for v close enough to Vo this distance is attained at a point interior to the segment T(v), 
hence f is analytic in a small enough neighborhood C of Vo in the unit circle. At the same time / vanishes 
on an infinite sequence of points of C converging towards Vo, which forces / = 0. The circular arc C thus 
determines a 1-parameter family of geodesic loops based at p, which must all have the same length by Gauss' 
Lemma. It follows that for all v € C we have Exp p (2Lv) = p while the entire loop of length 2L with initial 
data p, v is contained in B(p,L). By analytic prolongation, we obtain that the exponential image B of the 
tangential disk {||v|| < 2L} is contained in B(p,L) C B(p,R) and that Exp p maps the tangential circle 
{||v|| = 2L} to p . But then we would have B = S = B(p, L), and B(p, r) would be all of S because r > L. 

We now do the proof for a metric with K < 0. Assuming the middle points Exp p (L n v„) to be pairwise 
distinct, the vectors L„v„ are pairwise distinct and may be assumed to be all different from their limit. Then 
the sequence of vectors w n = 2L n v n has a subsequence {w nfc } which converges tangentially to w = 2Lvq. 
This means that not only is w the limit of {w nfc }, but the unit vectors (w nfc — w)/||w„ fc — w|| also have a 
limit u <= T p S. Then u is a unit vector whose image under the differential of Exp p at w is zero, thus causing 
p = Exp p (w) to be conjugate to itself which is impossible if K < 0. □ 

We want to describe the geometry of the boundaries of metric balls centered at p, for a metric which is 
analytic or satisfies K < 0. Any q e dB(p, r) which is not a cut point is joined to p by a unique geodesic arc 
of length r, along which q is not conjugate to p, and the boundary is smooth (analytic) near q; also q is not a 
self-intersection point of the image Exp p ({v 6 T p S ; ||v|| = r}). Thus the only special points the boundary 
can have are the points it shares with the cut locus. We see in Figure [3] that the boundary develops a corner 
when it hits an endpoint of the cut locus graph, but its topology does not change. For a short while after 
that moment, the corner angle varies but otherwise the geometry of the boundary remains unchanged. 

We are going to see that, as r increases, the geometry of the boundary dB(p, r) changes only when said 
boundary hits a cut point which is either a conjugate point, a middle point of multiplicity 2, or a vertex 
of higher multiplicity in the cut locus graph. For the moment let us see what happens when the boundary 
hits a middle point of multiplicity 2. Let 71,72 be the two minimizing geodesic arcs with 71 (0) = 72(0) = p, 
7i(l) = 72(1) = q, and 7i(l) = —72(f)- For i = 1, 2 let Cj be a small circular arc centered at in T P S and 
having 7,'(0) as midpoint. The exponential images of G\, C2 are C 1 curves r^Ta meeting tangentially at q. 
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If Ti and T2 curve away from each other toward 72 and 71 respectively, then as r increases the boundaries 
dB(p,r) evolve near q as in Figure |H 




Figure 4. 

If Ti and T2 curve away from each other toward 71 and 72 respectively, then as r increases the boundaries 
dB(p,r) evolve near q as in Figure [SJ 




Figure 5. 



Proposition 2.10. // K < 0, then the only possible local geometry when the ball boundary hits a middle 
point of multiplicity 2 is the one shown in Figure [5l 

Proof. In this case there are no conjugate points. The exponential map at p is a local diffcomorphism 
T p S — > S which pulls the metric on S back to a metric g on the tangent space. If (r, 9) are orthonormal 
polar coordinates in T p S \ {0}, then ~g = dr 2 + X(r,9) 2 dO 2 where A is a positive smooth function with 
lim r ._ ) .o A = 0, lim r ^o A r = 1, and — A,. r /A equal to the Gaussian curvature of g. This yields A rr > and 
A r > 1. The unit tangent vector to any Euclidean circle in T p S centered at is t = (1/X)dg and one easily 
computes 7j(Vtt, d r ) = — A r /A < 0, hence said circle curves strictly inward with respect to g. Therefore 
the boundary of any ball centered at p in S also curves strictly inward at every non-corner point, and when 
it hits a middle point of multiplicity 2 the only possible local geometry is the one shown in Figure [SJ with 
the two colliding fronts having finite non-zero curvature. □ 

The situation in Figure |4] occurs in particular when q is conjugate to p along both 71 and 72. If q is 
conjugate to p along only one of these arcs, say 71 to fix ideas, then Ti curves towards 72 with infinite 
curvature at q, while T2 has finite curvature at q. The topology is then as in Figure 0] but there are several 
possibilities for the geometry. One possibility is Figure [4] Another possibility is the first image in Figure [6] 
(where T2 curves toward 72) with the shrinking hole now in the shape of a crescent moon. Other possibilities 
(not depicted) correspond to T2 having zero curvature at q. 




Figure 6. 

If q is neither conjugate to p along 71 nor along 72, and the metric is real analytic, then Fi,r2 are real 
analytic arcs tangent at q. If they had a contact of infinite order at q, then they would coincide and all of 
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their points would be middle points. Thus Lemma 12.91 implies that Ti and T2 have a contact of finite order 
at q. Therefore cither Ti stays on one side of T2, or these two arcs cross each other (tangcntially) at q. If 
Ti stays on one side of T2 then the topology is as in Figures 2] or [5J but the geometry has more possibilities 
than the ones shown in Figures [4] and [5] Some (not all) of the extra possibilities are shown in Figure |H If 
Ti crosses T2 tangentially at q then the geometry is equal or very similar to that in Figure [7] the boundary 
containing q has a cusp at q, while the nearby boundaries contain a corner whose branches make a nonzero 
angle. 




Figure 7. 

We briefly discuss now higher multiplicity vertices of the cut locus graph. Myers shows in [35] and [2"9"] 
that a vertex of multiplicity m is joined to p by exactly m minimizing geodesic arcs. For example, Figure [8] 
describes how the minimizing geodesic arcs issued from p reach a K-shaped part of the cut locus; we see 
three geodesic arcs ending at the triple point. 




Figure 8. 

If two of the minimizing geodesies reaching the triple point make flat angles when they meet (thereby 
making the triple point a middle point as well) then the situations described in the second and third images 
in Figure [5J are the only possible ones, because middle points are isolated. 

If the situation is as in the first or second image in Figure [5J then the boundary evolves toward the triple 
point as shown in Figure [SI we see a triangular hole decreasing in size until it disappears. 




Figure 9. 

In the case represented by the third image in Figure [8] the boundary evolves as shown in Figure [TO] it 
has 3—1 = 2 corners before hitting the triple point, one cusp when hitting said point, and a single corner 
afterwards. 

The last image in Figure [5J occurs when two minimizing geodesies make a concave angle at the triple 
point (measured without going through the other geodesic). In this case the boundary evolves almost like 
in Figure I10| the only difference being that it also has a corner when hitting the triple point and so no cusp 
is created in this case. 
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Figure 10. 



Definition 2.11. The interior angle at a corner point of dB(p,r) is the angle between the two boundary 
branches ending at that point, measured through the interior of B(p,r). 

We now list together all possibilities when the boundary dB(p,r) touches an interior point q of an edge 
of the cut locus, i.e. a point of multiplicity 2. We then have exactly two minimizing geodesic arcs joining p 
to q, both of length r. In particular, this is a self-intersection point of the image Exp p ({ v g T p S ; ||v|| = r}) 
and out of the four branches of this image that reach q only two branches are part of the boundary. We split 
this case into two subcases: 

• If q is not a middle point then the part of B(p,r) inside a small neighborhood of q is the union 
B' U B" of two pieces whose boundaries near q are at least C 1 (recall the phenomenon in Figured]) 
and non-tangent at q. It follows that in such a case dB(p, r) has a corner at q and the interior angle 
at this corner is a concave angle a € (n, 2ir). By Remark 12. 71 if q is also a conjugate point then at 
least one of the two branches of the boundary has infinite curvature at q. 

• If q is a middle point then the boundaries of the two pieces B' , B" are tangent at q, and one of the 
three phenomena described in Figures SJ [5l [7] occurs at q. One phenomenon (see Figure |4] and 
the first image in Figure |6]) consists on the boundary losing a small connected component with two 
corners; the interior angles at the corners remain inside (tt, 2tt) during this process but both tend 
to 2tt as the hole's size tends to 0. Another phenomenon (see Figure [5] and the last two images in 
figure |6]) is an increase in the connectivity of the ball; the interior angles at the created corners are 
both in (tt, 2tt) except at the instant when they are created. The third possible phenomenon (see 
Figure [7]) is a cusp point on the boundary when it touches q and a single corner before and after 
that instant; the topology remains unchanged during this process. 

Next we describe in detail what happens when the boundary dB(p, r) touches a point q of multiplicity 
m > 3 in the cut locus. This happens only for a finite number of values of the radius r when the metric 
is analytic or with K < 0, because there is only a finite number of multiple points in such cases. The 
minimizing geodesies from p to q make up a family Q with m elements, all with the same length. Two cases 
are possible: 

• The angles at q between consecutive geodesies in the family Q are all convex angles. Then dB(p,r) 
has a m-sided polygonal component which shrinks down to the point q and then disappears. See 
Figure [9] for the m = 3 case. (This multiple point will be a middle point if two non-consecutive 
geodesies in Q make flat angles). 

• There is a consecutive pair of geodesies in the family Q making a flat angle (in which case q will be 
a middle point) or a concave angle at q. Then all other consecutive pairs must make convex angles 
at q. In this case the boundary dB(p, r) either has an m-sided polygonal component shrinking to q 
(Figure [9] shows this for m = 3) or its topology remains unchanged during the process: m — 1 corners 
before hitting q, one cusp or one corner at q when hitting it, and a single corner after hitting q 
(Figure ITul shows this for m = 3). 

Remark 2.12. A careful examination of the above study shows that the boundary dB(p,r) has corners, in 
each connected component of positive length, forever after hitting the cut locus of p . 

The right-hand side of (1.1]) is the obvious estimate for the length of the exponential image of the r-circle 
on T p S. If dB(p,r) has corners then said exponential image has parts lying interior to B(p,r). If the 
inequality K > — fc 2 is strict somewhere in B(p, r) then the exponential image will have length smaller that 
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the right-hand side of Therefore can be an equality only if B(p,r) is disjoint from the cut locus 

of p and K = —k 2 inside B(p,r). 

Let R be the radius in Remark 12.11 In B(p,R) we consider the set Af which comprises all conjugate 
points in the cut locus, all middle points of multiplicity 2 in the cut locus, and all vertices of multiplicity 
3 or greater of the cut locus. By the above discussion, if the metric is analytic or satisfies K < then 
the set Af is finite inside each ball B{p, r) with r < R, and as r increases the boundary dB{p, r) gains (or 
loses) corners only by touching this set. This implies finiteness of the number of corner points on each ball 
boundary. Since the set Af is finite in each B(p, r) with r < R, the distances from the points in Af to p can 
be arranged into an increasing sequence: r\ < r2 < r^ < ■ ■ ■ which either is finite or converges to R (the 
latter can only occur if B(p, R) = S). If r < R is different from these values then dB(p, r) is a finite disjoint 
union of simple closed curves, each having the corner geometry just described, and the interior angle a at 
each corner lies in the open interval (w, 2ir) and can thus be written as a = tt + 2/3 for some f3 G (0, Also, 
for such r the inclusion B{p 1 r) <—t B(p,r) is a homotopy equivalence as claimed in Remark 12.41 

Lemma 2.13. If the metric is real analytic or satisfies K < 0, then the function £(r) from Definition \2.2\ is 
continuous for all r G [0, R) and smooth at r G [0, R) \ { r*i, r%, . . . }. 

Proof. In the case of a finite sequence r\ , . . . , r s , let I be one of the following intervals 

(0,ri), (ri,r 2 ), ••• , (r s _i,r s ), (r s ,R) , 

In the case of an infinite sequence, let / be (0, r±) or any interval (rj,rj+i). In either case the number 
of connected components and the corner geometry of the boundary dB(p, r) do not change while r ranges 
over /. Let Nj be the number of maximal smooth segments in the boundary for r G /. These segments are 
the exponential images of r ■ Ci(r), . . . , r ■ CjVj(r) where C\{r), . . . ,Cn, (r) are disjoint closed circular arcs 
in the tangential unit circle in T p S (the rest of the tangential circle of radius r is mapped by Exp p into the 
interior of the metric ball of radius r). The endpoints of the Ci(r) are functions Vj-(r), j — 1, . . . , 2iVj, with 
domain /. For r £ I the number £(r) is the integral of a smooth integrand over C\{r) U • • • U Cjv> (r), hence 
the smoothness of £(r) is equivalent to the smoothness of the endpoints Vj(r) of those circular arcs. Since 
r • C'i(r) U • • • U r ■ Cn 1 (r) is disjoint with the tangential first conjugate locus, the functions Vj (r) are smooth 
if and only if the boundary corner points Exp p (r • Vj(r)) depend smoothly on r, which we next prove to be 
the case. 

For each Ci(r) let C^(r) be an open circular arc containing Ct(r) such that r-C[{r) is still disjoint with the 
tangential first conjugate locus. Then &j(r) = Exp p (r • Cj'(r)) is a smooth embedded arc in S such that the 
boundary corner points corresponding to Ci(r) are the two intersection points defined by bi(r) nCut p . Since 
no boundary corner point is in Af, the cut locus is a smooth embedded curve near them and so bi(r) D Cut p 
will depend smoothly on r if 6,(r) meets Cut p transversally at these two corner points. The formula for 
first variation of arc length implies that if q is any smooth point of the cut locus then said locus bisects 
the directions of the two minimizing geodesic segments joining p to q. The boundary dB(p, r) that goes 
through q has two corner directions at q which are the orthogonal directions to those two minimizing geodesic 
segments, hence the boundary has a direction tangent to the cut locus at q if and only if q is a middle point 
(of multiplicity 2). Since for re/no corner point of dB(p,r) is a middle point, the smooth segment bi(r) 
meets the cut locus transversally. This implies that the boundary corner points are smooth functions of r 
for r G I and, as explained above, that £(r) is smooth in I. 

The continuity of £(r) at the special values ri,r%, . . . follows by examination of Figures [4l to [TOl and the 
analysis that we made for each of them. For example, in Figure U we see a contribution to £(r) which has 
negative derivative for r < r^, has derivative equal to — oo at r = rfe, and equals for r > r^. Moreover this 
defines a Holder continuous function of r near r — r^ because we proved that the two fronts whose motion 
gives rise to Figure 2] either have different curvatures at the special point (one of them infinite) or have only 
a finite order contact at such point. Similar arguments apply to the other Figures. □ 

We shall now give a formula for £'(r). Let k g denote the geodesic curvature of the boundary, taken 
with positive sign where the boundary is curving towards the metric ball and with negative sign where 
the boundary is curving away from the metric ball. The integral }a B i r \ k g ds is the contribution to the 
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derivative £'(r) by the smooth segments of the boundary. To determine the contribution from the corners 
it is sufficient to consider the case of two straight segments lying on the Euclidean plane and making an 
angle a = n + 2/3. We see in Figure [TT] that this corner contributes — 2tan/3 to £'(r). The formula for the 
derivative of £(r) is: 

(2.4) i'{r) = V-2tanft+ / k g ds , for r g {0,n, r 2 , r 3 . . . } , 

i JdB{p,r) 

where the index i runs over the corners of the boundary dB{p, r) and on — tt + 2/3i are the respective interior 
angles at those corners. 




Figure 11. 



Definition 2.14. A surface is of finite type if its fundamental group is finitely generated. 

Let S be a connected surface of finite type, either non-compact or compact with non-empty boundary; for 
such surfaces the Euler-Poincare characteristic is the number x(S) = 1 — rank Hi(S). Assume further that 
dS is either empty or a disjoint union of simple closed curves; then x($) coincides with 2 — 2g — n, where g 
is the genus of S and n is the sum of the number of connected components of dS plus the number of ends of 
S that are homeomorphic with S 1 x [0, oo) (with the curve corresponding to S 1 x {0} lying interior to S). 



Proof of Theorem \2.3\ Define the integer- valued function x( r ) as follows: 

x( r ) — x(B(p,r)) for < r < r + - . 

k 

We have three reasons for assuming that , ro + % ) meets the conditions of Remark 1 2. II The first reason 
is that formula (I2.4j) can then be used for < r < Tq + f • The second reason is that, once the balls B(p, r) 
have non-empty boundary for that range of values of r, we can apply Definition 12.141 to these balls. The 
third is to ensure that the group 7Ti(B(p, r) , pj is free in n(r) generators; then H\ ( B(p, r) J , being the 
abelianization of ni(B{p, r) , p), is isomorphic with Z™( r ) and we have: 

(2.5) n(r) = rank H x (B{p,r) ) = 1 - . 

In view of this, we seek an estimate for 1 — x( r )- 

For r £ { 0, r±, r-z, r$ . . . } we can use the Gauss-Bonnet formula: 



2T7x(r) 
which we rewrite as follows: 



/Kda,iea,+ y (tt — oti) + / k g ds. 
3(p,r) i JdB(p.r) 



(2.6) -V2A+ / k g ds+ / K d area = 2?rx(r). 

From ^ £ (0, ?J we infer /3j < tanft, which together with formulas (12.41) and (12.61) leads to 

(2.7) t'{r)+ l Kd&rcn < 2ir X (r) , for r $ { 0, n, r 2 , r 3 . . . } , 

JB{p,r) 
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the inequality being strict whenever dB(p,r) has at least one corner. By Remark I2.12[ this is the case 
whenever B{p 1 r) contains a cut point of p . 
Define now the function: 

a(r) := area ( B(p, r) ) , 
which satisfies a'(r) = i(r) for all r £ [0, ro + f ), thus: 

a(r)eC x [0,ro + £) and a(r) € C°° ( [0 , r + f ) \ { n, rs, r 3 . . . }) . 

Introduce now the hypothesis if > — fc 2 . The first consequence is that formula 12.71 yields the following 
differential inequality: 

(2.8) a"{r) - k 2 a(r) < 2tt X (r) , for r $ { r u r 2 , r 3 . . . } , 

which is strict whenever B(r,p) contains a cut point of p . The second consequence is the well-known bound 
(jl.lj) for boundary length in terms of the corresponding length in a hyperbolic plane with curvature — fc 2 . 
The third consequence is the bound for area: 

(2.9) a(r) < ^ ( cosh(fcr) - l) , 
obtained by integrating (II. lj) . 

Lemma 2.15. Letu(r),u(r) be functions on an interval vq <r < R, smooth in the complement of a discrete 
set Z C [ro,R), which satisfy: 

u(r) eC^R) f u(r) eC^ro^R) 

u"{r) - k 2 u(r) = f(r) r(^Z \ u" (r) - k 2 u(r) = f(r) r£Z 

If the following inequalities hold 

(2.10) f{r) < /(r) for all r $ F , 

(2.11) u(r ) < S(r ), 

(2.12) u'(r Q )-fcu(ro) < u'(r ) - ku(r ) , 

t/ier* u <u and u' — ku <v! — ku (hence also u < u'j everywhere on [ro, i?). 

Proof. Make the ansatz u(r) = e kr c(r). Then the conditions imposed on u{r) are equivalent to the following: 
c(r) eC^ro.fl) and r ^ Z => ^-(e 2fcr c'(r) ) = e fcr /W • 

The function c'(r) = e _fcr ( u'{r) — ku(r) ) is continuous on [ro, R) and smooth for r Z . Since Z is discrete, 
it follows that c'(r) is given at every re [ro, i?) by the formula: 

c'(r) = e- 2,cr fe 2fc '' c'(ro)+ /' e kt f(t)dt 



We have the analogous formula for the derivative of the function c(r) given by u(r) = e kr c(r). Then, in view 
of (|2.10[) . the inequality c'(r) < c'(r) holds on all of [ro,R) if it holds at r = ro, which is the case thanks 
to (|2.12l) . Now c(ro) < c(fo) is equivalent to (12. lip , and c(r) < c(r) follows by integration. 

The claimed inequalities follow by multiplying c(r) < c(r) and c'(r) < c'(r) by e kr . □ 

Remark 2.16. TTie above proof gives u (r) < v! (r) if we have f < f in some non-trivial interval contained 
in [r ,r]. 

Consider the interval Iq — [ r o , r o + f ) and the constant: 

Xo := maxx(r) = 1 — minn(r) . 

reJ r£l 

There is an r 1 £ ( ro , ro + % ) such that xo equals the Euler characteristic of both B(p,r') and B(p,r'). 
Inequality (|2.3j) is equivalent to the inequality: 



(2.13) 1 - xo < — ^ ( sinh(fcr + c) - 
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Another property that the constant xo has is that if we define the following two functions on Jo: 
f(r) = a"(r)-k 2 a(r), 

a(r) = ^a(r ) + —j^T^J cosh { k ( r - r o)) + ^(r ) sinh (k(r - r )) - —j^T > 

then a is everywhere smooth, and by (12.81) it satisfies: 

a"{r) - k 2 a(r) = 2ir X o > f(r) for all r e J \ {r u r 2 , • . . } , 

the inequality being strict if B(p, r) contains some cut point of p . We have adjusted a to satisfy «z(ro) = &(ro) 
and a'(r ) = a'(ro); then Lemma [2.151 tells us that: 

(2.14) £(r) = a'(r) < af(r) for all r € J , 

with strict inequality unless B{p 1 r) contains no cut point of p. 

Computing a! (r) from the explicit formula that defines a, and using f)l . 1 [) and (|2.9p . one finds: 



for all r e Jo • 



27r r 

(2.15) <z'(r) < — ( cosh(fcro) — 1 + xo ) sinh ( k(r — ro) ) + sinh(/cro) cosh ( k(r — ro) ) 
Combining (|2.14l) and (I2.15|) . we get for all r e / : 

1 x < 1 fsinh(fcr) 

— sinh ( fc(r — ro) ) \ 27r 

Taking the limit as r — > ro + f, and using the following fact: 

lim £(r) > £(r + j), 

we deduce (|2.13[) . 

Suppose (|2.13p is an equality. Since xo = x{ B(p, r') ) , the ball B(p,r') must then be disjoint from the 
cut locus of p, hence diffeomorphic to a disk, and so n(r') = 0. But then (|l.ip is an equality at r — tq + %, 
and by Remark \2. 121 the ball B( p , ro + § ) is disjoint from the cut locus of p and has K = —k 2 . □ 

3. Background on Gromov spaces. 

In our study of hyperbolic Gromov spaces we use the notations of [TS] ■ We give now the basic facts about 
these spaces. We refer to |15j for more background and further results. 

Definition 3.1. Let us fix a point w in a metric space {X, d). Define the Gromov product of x,y G X with 
respect to the point w as 

(x\y) w ■= 2 ( d ( x > w ) + d (y> w ) - d ( x > v)) > • 

We say that the metric space (X, d) is 5-hyperbolic (S > 0) if 

(x\z) w > min {(x\y) w , {y\z) w } - S , 
for every x,y, z,w € X . When we do not want to specify the value of 5, we say that X is Gromov hyperbolic. 

It is convenient to remark that this definition of hyperbolicity is not universally accepted, since sometimes 
the word 'hyperbolic' refers to negative curvature or to the existence of a Green function. However, in this 
paper we only use the word hyperbolic in the sense of Definition 13.11 
Examples: 

(1) Every bounded metric space X is (diamX)-hyperbolic. 

(2) Every complete simply connected Riemannian manifold with sectional curvature bounded from above 
by — k 2 , with k > 0, is hyperbolic. 

(3) Every tree with edges of arbitrary length is 0-hyperbolic. 
We refer the reader to jS], [TS] and [T^] for further examples. 

Definition 3.2. A metric space X is a geodesic metric space if any two points x,y € X can be joined by 
a path whose length equals d{x,y). 
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In general metric spaces, the length L(j) of a path 7 : [a, b] — > X is defined as supj^" =1 d(7(t,_i),7(t,*)), 
taken over all partitions a = to < t\ < ■ ■ ■ < t n = b. 

Definition 3.3. In a general metric space X a metric geodesic is a path 7(f) such that d( , j(t),j(s)) = 
^(llltjs]) — 1^ — s l f or every s,t £ [a,b], i.e. 7 is minimizing and parametrized by arclength. We relax this 
condition for a closed path: it only has to minimize length in its free homotopy class. 

If T is a metric geodesic triangle (i.e. its sides J\, J2, J3, are metric geodesies) we say that T is <5-thin if 
for every x € Ji we have that d(x,Uj^iJj) < S. The space X is (5-thin (or satisfies the Rips condition with 
constant 5) if every geodesic triangle in X is 5-thin. 

A basic result is that hyperbolicity is equivalent to the Rips condition: 

Theorem 3.4. ( |15[ p. 41]) Let us consider a geodesic metric space X. 

(1) If X is 5-hyperbolic, then it is AS-thin. 

(2) If X is 5-thin, then it is AS -hyperbolic. 

From the next Section onwards, all spaces will be 2-dimensional Riemannian manifolds (with or without 
boundary) and length will be defined as the obvious integral. Given such a surface S, its distance function 
ds is defined by minimizing length of paths in 5*. This turns S into a geodesic metric space. 

Definition 3.5. For a sub-surface X C S we have two choices: 

- The extrinsic distance, which is just ds acting only on pairs (x, y) € X X X. 

- The intrinsic distance d$\x, defined by minimizing ds -length of paths contained in X . When there 
is no risk of confusion we shall denote it dx ■ 

Likewise we have the extrinsic diameter diamg(X) and the intrinsic diameter diamx(^). 

Obviously ds < dx and diamg(X) < diamx(AT). Notice also that X is always a geodesic metric space 
with the intrinsic distance, not always with the extrinsic one. 

Next we introduce a useful notion and use it to state Theorem 13. 71 which will be important for the proof 
of Theorem 15.51 below and was also used in the proofs of two results, Theorems 14.101 and 14. 161 which are 
quotes from the previous work |34j . 

Definition 3.6. Let (X,d) be a metric space, and let X = U n X n where {X n } n is a family of connected 
geodesic metric spaces such that rj nm := X n (1 X m are compact sets. Further, assume that for any n ^ m 
with r}nrn 7^ the set X \ rj nm is not connected, and that the connected components of X \ r\ nm containing 
X n \ r) nm are all different from those containing X m \ r\ nm . We say that {X n } n is a fc-tree decomposition 
of X if for each n we have J2 m diamx„ {rjnm) < k. 

If we define a graph with one vertex v n for each piece X n , and one edge e nm joining v n to v m if r\ nm ^ 0, 
we obtain a tree. Hence the name. 

Theorem 3.7. (Compare |32l Theorem 2.9]) Let us consider a metric space X and a family of geodesic 
metric spaces {X n } n C X which is a k-tree decomposition of X. Then X is S-hyperbolic if and only if there 
exists a constant c such that X n is c-hyperbolic for every n. Furthermore, S (respectively c) is a universal 
constant which only depends on k and c (respectively k and 8). 

4. Definitions and previous results on Riemann surfaces. 

In the following, Gaussian curvature is the constant —1. In this Section we collect some definitions and 
facts concerning Riemann surfaces which will be referred to afterwards. 
An open non- exceptional Riemann surface S is the following two things: 

(1) Conformally, it is a Riemann surface whose universal covering space is the unit disk D = {z G C : 
1*1 <!}• 

(2) As a Riemannian manifold, it is endowed with its own Poincare metric, i.e. the metric obtained by 
projecting the Poincare metric of the unit disk ds = 2|dz|/(l — \z\ 2 ) down to S by the covering map. 



THE TOPOLOGY OF BALLS AND GROMOV HYPERBOLICITY 



15 



Remark 4.1. (1) Note that, with this definition, every compact non-exceptional Riemann surface without 
border is open. 

(2) There are infinitely many metrics in the conformal class of S with constant curvature —1, but the 
Poincare metric is the only complete one. In fact, a surface with a Riemann metric satisfying K = — 1 has 
the unit disk as universal cover if and only if the Riemann metric is complete. 

(3) The only Riemann surfaces which are left out are the sphere, the plane, the punctured plane and the 
tori. It is easy to study the hyperbolicity of these particular cases. 

A bordered non- exceptional Riemann surface is a connected 2-dimensional Riemannian manifold S with 
boundary, subject to the following restrictions: 

(1) It is the complement 5* = R \ U of an open set U in an open non-exceptional Riemann surface i?, 
and the Riemann metric on S is the one induced from the Poincare metric of R. 

(2) Mild border regularity conditions: the border of S is locally Lipschitz and any ball in R intersects 
at most a finite number of connected components of U. 

We say that R contains S isometrically. Since S is a closed subset of R, it is geodesically complete. 

Remark 4.2. If instead of removing an open set we delete a closed set E from an open non-exceptional 
Riemann surface R, then we consider R\E also as an open non-exceptional Riemann surface, with its own 
Poincare metric which has also constant curvature — 1 but is longer than the (incomplete) Riemannian metric 
induced from R. 

Not every 2-dimensional Riemannian manifold S with K = — 1 embeds isometrically into an open non- 
exceptional Riemann surface. For such isometric embedding to exist, the following necessary condition must 
be satisfied: if S is the universal cover of S, then any Riemann metric g on S with K = — 1 induces a local 
isometry $ : S — > D that is unique up to isometries of D, and if g is induced by an embedding into an 
open non-exceptional Riemann surface then $ must be injective. Let S be an abstract closed disk, and take 
any non-injective immersion / : S — > O; then / pulls the Poincare metric back to a metric g on S that has 
K = — 1; but (£, g) does not embed isometrically into any open non-exceptional Riemann surface, because 
for this g one has $ = /. On the other hand intS is an open non-exceptional Riemann surface (with the 
conformal structure defined by g) and the corresponding Poincare metric is isometric with D, quite different 
from the incomplete metric glints- 

Remark 4.3. In this paper we only consider bordered non- exceptional Riemann surfaces whose boundary 
components are (simple) closed curves. 

Lemma 4.4. If a doubly connected 2-dimensional Riemannian manifold S embeds isometrically into some 
open non- exceptional Riemann surface, then it embeds isometrically into either an annulus, or a cusp, or 
the unit disk. 

Proof. Take any open non-exceptional Riemann surface R containing S isometrically. Consider the funda- 
mental group 7Ti(i?) and the subgroup Q C tti(R) defined by loops contained in S. The group Q is either 
trivial or infinite cyclic. Consider also the covering map D — > R. 

If Q is trivial then S has a lift S'cD which projects homeomorphically to S under the covering map. 
This S' is isometric with S and thus provides an isometric embedding of S into the unit disk. 

If G is an infinite cyclic group (/i), then S lifts to some region 5" C D and the restriction S' — > S of 
the covering projection is equivalent to the quotient map 5" — > S' / (</)), where (j) is the isometric action of 
/i € 7Ti(i?) on IB). The composition S ~ S' / (4>) D/ ((f)) is an isometric embedding. 

The isometry <fi cannot be elliptic, as it is induced by € iti(R). If </> is a hyperbolic isometry, then B>/(</>) 
is an annulus. If <f> is parabolic, then H> /((/>) is a cusp. □ 

Lemma 14.41 enables us to classify, as Riemannian manifolds, the bordered non-exceptional Riemann sur- 
faces homeomorphic with S 1 x [0, oo). 

If R is an annulus and 7 C R is an essential simple closed curve, then the closure of each connected 
component of R\j is a doubly connected non-exceptional bordered Riemann surface. Such bordered surfaces 
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are called generalized funnels, as well as any bordered non-exceptional Riemann surface isometric to any of 
these. A funnel is a generalized funnel whose boundary curve is a geodesic. 

If R is a complete cusp and 7 C R is an essential simple closed curve, then the closures Si,S2 of the 
connected components of R \ 7 behave as follows: 

(1) On Si the curves freely homotopic to 7 become shorter as they run away from 7. We call S\ narrow 
cusp end, as well as any surface isometric with it. We associate with Si an ideal point q (the 
puncture) such that the conformal structure of Si extends to Si U {q}. 

(2) On S2 the curves freely homotopic to 7 get longer as they run away from 7. We call S2, and any 
isometric surface, wide cusp end. 

A Jordan curve 7 C D bounds two closed subsets in the unit disk: a simply connected one and a doubly 
connected one. We call the latter a disk end, as well as any bordered non-exceptional Riemann surface 
isometric to it. 

Lemma l4.4l implies that if a bordered non-exceptional Riemann surface S is homeomorphic with S 1 x [0, 00) 
then it is isometric with one of the following: a generalized funnel, a narrow cusp end, a wide cusp end, or 
a disk end (note that S is geodesically complete by definition). 

Given a simple closed geodesic 7, we call the domain {p € S : ds(p,j) < d} the collar of width d about 
7 if it is a tubular neighborhood of 7 with fibres the geodesies orthogonal to 7. The Collar Lemma |3B], 
Chapter 4] says that there exists a collar about 7 of width do, where coshdo = coth(L s ("f) / 2) (the shorter 
the curve, the thicker the collar). We shall use it in the proof of Theorem 16.81 

Remark 4.5. Let S be a non- exceptional Riemann surface, open or with compact border. If gi is a closed 
curve neither freely homotopic to a point, nor to a puncture, then the free homotopy class of gi contains a 
unique closed geodesic 71 which in fact minimizes length in said class. If gi is simple then so is the geodesic 
7l ■ If 9\t9i « r e simple, disjoint, and not freely homotopic, then so are the corresponding geodesies 71 and ^2- 
In fact, if L(gi), L(g2) < I and cosh do = coth(Z/2) then the collars of width do about 71 and 72 are disjoint 
(see Chapter 4]). 

We next show that wide cusp ends and disk ends happen very rarely 

Lemma 4.6. Let S be a non- exceptional Riemann surface, open or bordered. If S has a wide cusp end, then 
it can only embed isometrically into a cusp. If S has a disk end, then it can only embed isometrically into 
the unit disk. 

Proof. Suppose R is an open non-exceptional Riemann surface containing S isometrically. Then R shares 
with S an end So which is either a wide cusp end or a disk end. The essential simple closed curves in So do 
not give rise to a non-constant geodesic in R, because then So would be part of a funnel end. By Remark l4.51 
these curves must be freely homotopic in R either to a puncture, which forces R to be a cusp, or to a point, 
which forces R to be the unit disk. □ 

We call compact annulus any non-exceptional bordered Riemann surface homeomorphic with S 1 x [0, 1]. 
Applying Lemma 14.41 to these surfaces we obtain the following result, which will be essential in the proof of 
Theorem 15.51 

Proposition 4.7. Let S be any bordered non- exceptional Riemann surface. There is a canonical choice Rs 
of an open non- exceptional Riemann surface with the following properties: (1) S embeds isometrically into 
Rs, (2) Rs has the same genus as S, and (3) x(i?s) > x(S). 

Proof. Let 7 be any connected component of OS and take a compact annulus A C S bounded by 7 and 
another simple closed curve n C S. When one applies Lemma 14.41 to A, there are five possibilities: 

(1) We find an isometric embedding / : A — > D and f{^) lies in the interior of f(n). In this case we can 
glue the bounded component of D \ f(r)) to S by overlapping A\rj with itself, thereby producing a 
larger Riemannian surface that has S isometrically embedded inside it and has one less boundary 
component than S. 

(2) We find an isometric embedding / : A D and f{rj) lies in the interior of fi'f). Then we glue, 
with overlapping, the doubly connected component of D \ f(rf) to S and produce a surface (open or 
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bordered) which contains S isometrically and has a disk end. By Lemma 14.61 the latter surface, and 
hence also S, embeds isometrically into the unit disk. 

(3) A embeds isometrically into a cusp i?o, so that 7 is the boundary of the narrow end of Rq \ hit S 
and 77 is the boundary of the wide end. Then we can glue, with overlapping, the narrow end of i?o 
bounded by n to S; this produces a surface that contains S isometrically and has the boundary curve 
7 replaced with a puncture. 

(4) A embeds isometrically into a cusp Rq, so that 7 is the boundary of the wide end of Rq \ int S and 
•q is the boundary of the narrow end. Then we glue, with overlapping, the wide end of i?o bounded 
by rj to S; we thus obtain a surface that contains S isometrically and has a wide cusp end. This and 
Lemma 14.61 imply that S embeds isometrically into a cusp, so that 7 is an essential curve in that 
cusp. This forces tti(S) to be non-trivial. 

(5) A embeds isometrically into an annulus. Then we find a generalized funnel which we can glue to S 
with overlapping, and thus produce a surface that contains S isometrically and has the boundary 
curve 7 replaced with a funnel end. 

If one boundary curve of S is in case (2) we take Rs = B>. If one boundary curve of S is in case (4) we 
make Rs equal to the cusp that contains S isometrically; in this case x{Rs) = > x(S) because 711(5) is 
non-trivial. 

Suppose now that cases (2) and (4) do not occur for any connected component of dS. The boundary dS 
consists of a sequence 71, 72, . . . of simple closed curves, and we can choose the corresponding compact annuli 
Ax, A2, . . . pairwise disjoint. Then we do, simultaneously for all 7^, the gluing that corresponds to each of 
them (described in the odd- numbered cases), and we obtain a surface Rs which is geodesically complete, 
with K = — 1, with empty boundary, and with the same genus as S. Moreover, Rs contains S isometrically 
inside it and satisfies x{Rs) > x(S), with strict inequality if case (1) has occurred at least once. It is easy 
to see that Rs does not depend on the choice of the pairwise disjoint sequence □ 

Definition 4.8. Let us consider a non- exceptional Riemann surface S of finite type (open or with compact 
border) with x(S) < 0- An outer loop in S is either the boundary geodesic of a funnel or the minimizing 
curve in the free homotopy class of some connected component of dS. We consider punctures as outer loops 
of zero length. 

Definition 4.9. Fix a non-negative integer a and a positive real number I. We denote by F(a, I) the set of 
non- exceptional Riemann surfaces of finite type S verifying the following properties: 

(1) S has no genus and > X.{S) > —a, equivalently < n — 2 < a, where n is the number from 
Definition \2.1J\ 

(2) If x{S) = 0, then the unique outer loop has length less than or equal to I. If x(S) < then every 
outer loop, except perhaps one of them, has length less than or equal to I. 

(3) If dS is non-empty, then Ls{dS) < I. 

We denote by S(a, I) the set of Riemann surfaces S € J- (a, I) verifying that every outer loop has length 
less than or equal to I. Notice that S(a, I) and F{a, I) coincide only for a = 0. 

Theorem 4.10. ( |34| Theorem 5.3]) For each I > and each non-negative integer a, there exists a constant 
5, which only depends on a and I, such that every surface in S(a, I) is S-hyperbolic. 

Definition 4.11. An N -normal neighborhood of a subset F of a Riemann surface S is a compact, connected, 
bordered Riemann surface without genus V such that F C V C S , and dV is the union of at most N simple 
closed curves, i.e. x(V^) > 2 — N . 

A set E = U n E n in an open non- exceptional Riemann surface S, with each E n compact, is called (r, s, iV)- 
uniformly separated in S if for every n we can choose an N -normal neighborhood V n of E n such that V n \E n 
is connected, ds(dV n , E n ) > r, and Ls(dV n ) < s, and the whole sequence {V n } n can be chosen so that 
ds(Vn, V m ) > r for every n 7^ m. 

Remark 4.12. As each V n has zero genus by definition, it is V n € S(N — 2, s) C J-(N — 2, s) independently 
of r. Also, Alexander duality implies that if E n and V n \ E n are connected, then E n is simply connected. 
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The uniformly separated sets play a central role in many topics in Complex Analysis, such as interpolation 
in the unit disk B (see [llj). harmonic measure (see [30]) and the study of linear isoperimetric inequalities 
in open Riemann surfaces (see [TJ Theorem 1] and [T3J Theorems 3 and 4]). 

Definition 4.13. Let S be an open non- exceptional Riemann surface, E = U n E n an (r, s, N) -uniformly 
separated set in S and S* := S \ E . For each choice of {V n } n we define 

Ds* — Ds*({V n } n ) :— sup { ds* \v n \E n (Vii V?) '■ Vii^ are different connected components of dV n 

n,i,j 

and 77" , 77™ are in the same connected component of S \ int V n } ■ 

Remark 4.14. (1) Note that 2/77™, 77™ are in the same connected component of S \mtV n , then S\rjf is 
connected. 

(2) Recall that ds* 7^ ds\s*> since (S*,ds*) is a geodesically complete Riemannian manifold (the points of 
E are at infinite ds* -distance of the points of S* ; in fact, S* is an open non- exceptional Riemann surface). 

The following results show the relevance of Ds*({V n }n) (see also Theorem 16. 

Proposition 4.15. ( |34l Proposition 5.1]) Let S be an open non- exceptional Riemann surface, E = U n E n 
an (r, s, N) -uniformly separated set in S and S* := S \ E. Let us assume also that we can choose the sets 
{V n } n such that Ds*({V n } n ) = 00. Then S* is not hyperbolic. 

Theorem 4.16. f |34l Theorem 5.4]) Let S be an open non- exceptional Riemann surface and E = U n E n an 
(r, s, N) -uniformly separated set in S. Then, S* := S \ E is S* -hyperbolic if and only if S is S-hyperbolic, 
Ds*({V n } n ) is finite and V n \E n is k-hyperbolic for every n (with ds* \v n \E n )■ 

Furthermore, if Ds*({V n } n ) is finite and V n \ E n is k-hyperbolic for every n, then 8* (respectively 8) is a 
universal constant which only depends on r, s, N,k, Ds*({V n } n ) and 6 (respectively r, s, N, Ds*({V n } n ) and 
5*). 

In the above theorem {V n \E n } n is a family of bordered non-exceptional Riemann surfaces, all isometrically 
embedded into S* , and this family is required to be uniformly hyperbolic. This uniform hyperbolicity 
condition will be removed in Section [5j 

If S has no genus, then the set in which we take the supremum that defines Ds* is the empty set. Hence, 
we deduce the following direct consequence. 

Corollary 4.17. Let S be an open non- exceptional Riemann surface with no genus, and E = U n E n an 
(r, s, N)-uniformly separated set in S . Then, S* :— S\E is S* -hyperbolic if and only if S is S-hyperbolic and 
V n \ E n is k-hyperbolic for every n (with ds* \v n \E n )- 

Furthermore, ifV n \ E n is k-hyperbolic for every n, then 8* (respectively 8) is a universal constant which 
only depends on r, s, N, k and 8 (respectively r, s, N and 8* ). 

Finally we include a technical result about the Poincare metric. 

Lemma 4.18. ([TJ Lemma 3.1]) Let us consider an open non- exceptional Riemann surface S, a closed non- 
empty subset C of S, and a positive number e. If S* := S \ C, then we have that 1 < Ls*("f)/ Ls(j) < 
coth(e/2) ; for every curve 7 C S with finite length in S such that ds{"f, C) > e. 

5. Stability of hyperbolicity. 

The leading idea in this Section is that some quantitative information that seems to influence hyperbolicity 
of a surface actually is irrelevant, let us sec an example. If S is an open Riemann surface and p\,P2 € S, then 
several conformal invariants of S* — S \ {pi,P2} (e.g. the exponent of convergence, the first eigenvalue of 
the Laplace-Beltrami operator and the isoperimetric constant) degenerate when P2 tends to pi; in contrast, 
the hyperbolicity constant stays bounded (stable) as pi approaches p2- 

In this Section we only consider surfaces without genus, so that in particular the number Ds* from 
Definition 14.131 is zero. We begin by proving Theorem 15.11 as a surprising consequence of Theorem 12.31 (on 
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the topology of balls). Then Corollary 15 A\ an immediate consequence of Theorem 15. 1\ is used to prove 
Theorem 15.51 

In its turn, Theorem 15.51 is fundamental for the proof of the main Theorem in Section [5J 

Theorem 5.1. Let us consider a S -hyperbolic non- exceptional Riemann surface S with no genus, and pair- 
wise disjoint simply connected compact sets {E n }^ =1 in S. We define S* := S \ U^ =1 E n . Assume that for 
each n = 1, . . . , N, there exists a simple closed curve g n 'surrounding just E n ' with L$* (g n ) < I- Then there 
exists a constant 6* , which only depends on 5, N and I, such that S* is 6* -hyperbolic. 

Remark 5.2. By g n 'surrounding just E n ' we mean that g n is homotopically trivial in S , g n surrounds E n 
and g n does not surround Ek for k ^ n (g n is 'freely homotopic' to E n ). Note also that g n n (U^E^) = 0, 
since Ls*(g n ) < oo. 

Proof. First we prove the case N = 1. 

We have Ls(gi) < Ls»(gi) < I. The curve g\ surrounds a simply connected open set D C S with E\ C D; 
then we can lift D to D C D and given z,w <E D, we consider the infinite geodesic r\ in D joining z, w; the 
geodesic n meets 3D in z', w' with [z, w] C [z' , «/]; therefore, do(z, w) < do(z' , w') < Lj®(g~i)/2 — Ls(gi)/2 < 
1/2, and diam 5 (L>) < diam D (Z)) < 1/2. Hence, diam s ( J Bi) < 1/2. 

Let us fix any p g E\\ then E\ C D C Bs(p,l/2). Since K = —1, by Theorem 12.31 we know that there 
exists V € [1,1 + 1] such that dBs(p, I') is a union of simple closed curves and 

mnkH^BsipJ')) < < e l /(l - e^) <2e l . 

We define V\ as the closure of the ball B$(p, I 1 ); then g\ is contained in V%. Consequently, ds(Ei, dV\) > 1/2. 
We also have Ls(dVi) < Ld(Sd(0, Z')) = 27rsinh/' < 27rsinh(Z + 1). The boundary dV% has at most 
1 + 2e l connected components, moreover Vi has no genus because the ambient surface S has zero genus by 
hypothesis. All this implies that V\ is an (1 + 2e')-normal neighborhood of E\ in S, and E\ is therefore an 
(1/2, 27rsinh(l + 1), 1 + 2e')-uniformly separated set in S. 

We check now that :=V\\E\ is hyperbolic with the intrinsic distance ds* [v* induced on V* by the 
Poincare metric of S* = S \ E x . By Lemma I4T81 since d s (E 1 , dVi) >l/2, 

L s *(dVi) < L s (dVi)coth{l/4) < 27rsinh(/ + 1) coth(7/4) . 

Each component of dV\ = dV* gives rise to an outer loop in V*. If E\ is a single point then V* has a 
puncture at E\ ; otherwise V* has one additional outer loop freely homotopic to g\ . In any case the sum of 
the number of outer loops plus the number of punctures in V* is at most 2 + 2e l . The S'*-length of the outer 
loops coming from dV\ is less than or equal to 27rsinh(7 + 1) coth(7/4). 

Since Ls*(gi) < I, if Ei is not a puncture then the outer loop in Vj* homotopic to g\ has length less than 
or equal to I < 27rsinh(/ + 1) coth(//4) (since g\ is contained in V{). Consequently V* £ S(2e l , 27rsinh(Z + 
1) coth(Z/4)), and Theorem 14.101 savs that there exists a constant 5\, which only depends on I, such that V* 
is Si -hyperbolic. 

The hypothesis of S having genus zero allows us to use Corollary 14.171 hence there exists a constant 8*, 
which only depends on £1 and I, such that S* is (^-hyperbolic. This finishes the proof in the case N = 1. 

Now we prove the result by induction on N. We have proved it for N = 1. Assume that it holds for N — 1 
(note that we also have L s \( ElL1 ... uEN1 )(g n ) < is\(£ lU ...uB„)W < ? for n = 1, . . . , iV — 1). Consequently, 
S \ (Ei U • • • U J5jv-i) is <5jv-i -hyperbolic, where Jjv-i on ly depends on S, N and I. 

Since gjy is a simple closed curve surrounding just En, with L$* (<7jv) < I, the result for N = 1 gives that 
S* is (5*-hyperbolic, with S* a constant which only depends on S, N and I. □ 

In Theorem 16.81 we shall extend Theorem 15.11 to the case of infinitely many sets E n . It needs an extra 
hypothesis: that the E n 's get neither too small nor too large asn^ 00. 

Since any puncture can be surrounded by arbitrarily short closed curves, we deduce the following result: 

Corollary 5.3. Let us consider a S-hyperbolic non- exceptional Riemann surface S with no genus, and points 
{p n }n=i * n We define S* := S \ {pi, . . . ,Pn}- Then there exists a constant S* , which only depends on S 
and N, such that S* is S* -hyperbolic. 
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Corollary 15.31 can be viewed as a result on stability of hyperbolicity: S* is <5*-hyperbolic independently of 
how close or far apart the points {pi, . . . ,Pn} are from one another. 
Since D is hyperbolic, Theorem 15.11 also implies the following. 

Corollary 5.4. Let us consider pairwise disjoint simply connected compact sets {-E„}„ =1 in D and D* := 
ID \ ^n=\E n . Assume that for each n — 1,...,N, there exists a simple closed curve g n surrounding just 
E n with Lj}*(g n ) < /. Then there exists a constant S* , which only depends on N and I, such that D* is 
S* -hyperbolic. 

Finally we prove the following improvement of Theorem 14.101 It is surprising since we do not require 
anything about one of the outer loops. 

Theorem 5.5. For each a and I, there exists a constant 8, which just depends on a and I, such that every 
S G J- (a, I) is S-hyperbolic. 

Remark 5.6. It is interesting to note that it is not possible to obtain a similar result to Theorem \5.5\ if all the 
outer loops except two have bounded length, as the following example shows: ifY t is the Y -piece with simple 
closed geodesies 71 U 72 U 73 = dY t such that £(71) = 1 and £(72) = £(73) = t, then limt_ J . 00 8(Y t ) = 00. 

Proof. We first prove the result for open surfaces. 

If S £ S(a,l), then Theorem 14.101 gives the result; this happens in particular when a = 0. Therefore, 
we can assume that x(S) < 0; that an outer loop 70 satisfies Ls(7o) > h an d that any other outer loop jj 
(j = 1, . . . , N) verifies L s {jj) < I. From -a < x(S) = 2 - (N + 1) < we infer 2 < N < a + 1. 

For open surfaces the conformal structure and the Riemann metric determine each other, so we can 
consider one structure or the other to our convenience. Having zero genus, S can be represented as a plane 
domain S C C with S = Cl \ E\ U • • • U En, Cl a simply connected open set, E\, . . . , En simply connected 
compact sets, such that 70 surrounds E± U- • • UEn and jj surrounds just Ej (j = 1, . . . , N). The hypothesis 
£5(70) > I implies that 70 is not a puncture and that CI ^ C; then, by the Riemann mapping Theorem, 
we can assume that S — D \ E\ U ■ • • U En- Since we have N < a + 1 and Lsip/j) < I (j — 1, ■ ■ ■ , N), by 
Corollary 15.41 there exists a constant i5, which just depends on a and I, such that S is (5-hyperbolic. 

We now prove the result for bordered surfaces. 

The idea of the proof is to see a bordered surface in jF(a, I) as a subset of an open surface in !F{a, I), and 
then make use of Theorem 13.71 

Given the bordered surface S, consider the open surface Rs from Proposition ^. 71 If Rs is the unit disk 
then it is log(l + % /2)-thin (see e.g. gl p.130]). 

Assume now that Rs is not the unit disk. Outer loops in S are metric geodesies (recall Definition 13. 3j) . 
perhaps not Riemannian geodesies, but they give rise in Rs to Riemannian outer loops of no greater length 
(including punctures), or they just shrink to points in Rs- Hence Rs & F{a, I), and by the open case there 
is a constant 5\, just depending on a and I, such that Rs is <5i-hyperbolic. 

The closure of Rs \ S is the union of simply or doubly connected bordered surfaces R 1 ,. . . ,R S , with 
s < a + 2, and the condition Ls(dS) < I implies that {S, R , . . . , R s } is an /-tree decomposition of R. Then, 
by Theorem 13. 71 there exists a constant 6 that depends only on a and I and such that S is (5-hyperbolic. □ 

6. Main results on hyperbolicity 

Now, taking advantage of all the tools developed in the previous Sections, we present the main results on 
hyperbolicity of the paper. The first Theorem we present improves Theorem 14. 161 bv removing the uniform 
hyperbolicity hypothesis, which is usually the hardest one to check. 

Theorem 6.1. Let S be an open non- exceptional Riemann surface and E = U„£„ a (r, s, N) -uniformly 
separated set in S, with E n simply connected for every n. Then, S* := S \ E is S* -hyperbolic if and only if 
S is 5-hyperbolic and the number Ds*({V n } n ) from Definition ^. 13\ is finite. 

Furthermore, S* (respectively 5) is a universal constant which only depends on r, s, N, Ds'({V n } n ) and S 
(respectively 8*). 

Remark 6.2. (1) Recall that if E n is simply connected, then it gives rise to either a puncture (if E n is 
a single point) or a funnel (if E n is not a single point) in S* . 
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(2) Note that we do not require anything about diams E n ; in particular, we allow the case sup„ diamg E n = 
oo; in this case the funnels F n in S* corresponding to E n verify sup n Ls*(dF n ) > sup„ Ls(dF n ) > 
sup n diams E n = oo, which makes the study of the hyperbolicity of S* more difficult. 

(3) Theorem \6.1\ is a known result in the particular case when every E n is a single point (see j33j Theorem 



Proof. In order to apply Theorem 14.161 we just need to prove that V* '■= V n \ E n is /c-hyperbolic for every 
n, where k is a constant which only depends on r, s and N. 

Recall that V n is compact and belongs to S(N — 2, s) c J-(N — 2, s) for any n. 

If dV n is a single closed curve (i.e. V n is a topological disk), then there is just one outer loop in V* 
and, by Lemma EH L s *(dV n ) < L s {dV n ) coth(r/2) < scoth(r/2). Hence, V* € 5(0, s coth(r/2)) = 
J-"(0, s coth(r/2)). In this case Theorem 14.101 suffices to ensure that V* is fci-hyperbolic, with a constant fci 
which only depends on r and s. 

If dV n is not connected, let us denote by 7„ the simple closed geodesic in V* which surrounds just E n (if 
E n is a single point, as usual, we see j n as a puncture and Ls*(j n ) = 0). 

Note that any outer loop 7 distinct from 7„ in V* is freely homotopic to some closed curve in dV n . 

Since Lemma EZEHl implies L s >{dV n ) < L s (dV n ) coth(r/2) < scoth(r/2), we deduce that V* £ F(N - 
1, s coth(r/2)) (recall that V n has at most N outer loops and E n is simply connected for every n; we do 
not need to bound the length of the outer loop corresponding to E n ). Theorem 15.51 guarantees that V* is 
fc2-hyperbolic, with a constant ki which only depends on r, s and N. 



We would like not to have to check the hypothesis Ds*({V n } n ) < 00. The two following results allow to 
remove this hypothesis if S has either no genus or finite genus. 

If S has no genus, then the set in which we take the suprcmum in order to define Ds* is the empty set. 
Hence, we deduce the following direct consequence. 

Corollary 6.3. Let S be an open non- exceptional Riemann surface with no genus and E = U n E n an (r, s, N)- 
uniformly separated set in S, with E n simply connected for every n. Then, S* :— S \ E is 5* -hyperbolic if 
and only if S is 5 -hyperbolic. 

Furthermore, S* (respectively 5) is a universal constant which only depends on r,s,N and 5 (respec- 
tively S* ). 

Theorem 6.4. Let S be an open non- exceptional Riemann surface with finite genus and E = U n E n an 
(r, s, N) -uniformly separated set in S, with E n simply connected for every n. Then, S* := S\E is hyperbolic 
if and only if S is hyperbolic. 

Proof. If S has no genus, then Corollary |6.3l gives the result. Therefore, we can assume that S has genus. 

Given a choice of {14,}„, we define the subset of indices A as the set of all n such that there are different 
connected components 77™, rff of dV n in the same connected component of S\ int V n . We are going to prove 

that A is finite. This will imply that Ds* ({V n } n ) is the maximum of at most — — - card A finite distances, 
hence finite, and then Theorem 16 . 1 1 will finish the proof. 

Since S has finite genus, there exists a domain G C S verifying the following facts: G is a compact 
set whose boundary is a finite collection g\,...,gh of simple closed curves, and S \ G is a disjoint union 
Si U • • • U Sh where each Sj is a bordered surface with no genus, and dSj = Sj H G = gj for j = 1, . . . , h. 

Only finitely many of the V n intersect G; otherwise the condition d(V n , V m ) > r could not be satisfied for 
all n ^= m. We next prove that if V n D G = then n ^ A, and finitcness of A follows. 

Let us suppose V n is disjoint from G, that two connected components r] n i,rj n i' of dV n can be connected 
in S \ mtV n , and derive a contradiction. Since V n is connected, it is contained in one of the Sj, say Sj . 
The path 7 connecting rj n i to 77^/ in S \ int V n cannot be all inside Sj , for that would force Sj to have 
genus. Therefore 7 exits Sj , which it can do only by crossing gj . Any time 7 re-enters Sj , it must do 
so by crossing gj . One concludes that the parts of 7 outside Sj can be replaced with arcs of gj , but this 
yields a continuous path in Sj \ int V n which joins r\ n i to r) n i> , once again forcing Sj to have genus. 

We conclude that ACjn : V n H G ^ }; hence A and Ds*({V n }n) are finite, as was to be proved □ 



3.1];. 




□ 
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Finally we shall prove Theorem l6.81 a complementary result to Corollarv l6.3l with very different hypotheses. 
It is also the N — oo analogue of Theorem 15.11 Removing an infinity of sets E n from the initial surface S 
can ruin hyperbolicity if the E n become too small or too large as n — > oo. One idea is to reduce to the case 
S = D and then use annuli, instead of curves, to 'surround' the sets E n . More concretely, the condition that 
the domain D \ E must satisfy is having uniformly perfect boundary, which we define below. We also quote 
some results, about the Poincare and quasihyperbolic metrics of a domain, that are used in the final proof. 

Definition 6.5. A generalized annulus 17 is a doubly connected open subset of the complex plane which is 
not the plane minus a point; then its complement (in the Riemann sphere) has two connected components. 

Given any generalized annulus 17, there exists a conformal mapping of Q onto {z G C : 1 < \z — a\ < R}. 
for some 1 < R < oo . We define the modulus of 17 as 



We say that a generalized annulus 17 separates a closed set E if does not intersect E and each connected 
component of the complement of 17 intersects E. 

We say that E is uniformly perfect if there exists a constant c\ such that mod 17 < C\ for every generalized 
annulus separating E (see 

Two useful properties of the modulus are the following: 

(A) If 7 is the simple closed geodesic for the Poincare metric in 17, then mod 17 = tt/Lq^) (if 11 has a 
puncture we can see 7 as the puncture and then Lq(j) = and modi! = 00). 

(B) If Hi C 17 2 , then mod Hi < mod 172. 

A domain with one or more punctures is never uniformly perfect. If we remove from the unit disk D a 
sequence of straight segments whose lengths converge to zero, then the resulting domain is not uniformly 
perfect. This example leads to the hypothesis diams E n > c in the statement of Theorem 16.81 

Uniformly perfect sets verify the following interesting property: 

Theorem 6.6. ([6j Corollary 1]) Let 17 C C be a non- exceptional domain and ds = Xq(z) \dz\ its Poincare 
metric. Define also Sq(z) := min{|z — a\ : a G 917}. The following conditions are equivalent: 

(1) There exists a positive constant C2 with — — ^— < Xq(z) < - — — for every z G 17 

Sn(z) On[z) 

(2) dfl is uniformly perfect. 

Furthermore, if dfl is uniformly perfect then the constant C2 just depends on the uniformly perfect constant 



then Theorem 16.61 savs that 917 is uniformly perfect if and only if Lq(j) > €2^0(7) for every curve 7 C 12. 
We need one more technical result: 

Lemma 6.7. ( |211 Lemma 3.3]) Let 7 be a curve in a domain 17 C R n starting at a point x and with 
Euclidean length s. Then 



Theorem 6.8. Let us consider an open non- exceptional Riemann surface S with no genus, and pairwise 
disjoint simply connected compact sets {E n }^ =1 in S with diams E n > c for every n. We define S* := S \ 
U"^ =1 E n . Assume that for eachn there exists a simple closed curve g n surrounding just E n with Ls*{g n ) < l- 
Then S is d-hyperbolic if and only if S* is 5* -hyperbolic. 

Furthermore, S* (respectively 5) is a universal constant which only depends on c, I and 5 (respectively S* ). 

Remark 6.9. The conclusion of Theorem 1 6. 8\ does not hold if we remove either the hypothesis diams E n > c 
or Ls*(g n ) < I- 



mod 17 :— — log R . 



of an. 



If we define, as usual, the quasihyperbolic length of a curve 7 as 
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Proof. For each n there exists a simple closed geodesic j n surrounding just E n (freely nomotopic to g n ) with 
£s»(7n) < Ls*(g n ) < I (7n can not be a puncture since diams E n > c implies that E n is not an isolated 
point). 

Claim: there exists a positive constant eo, which just depends on c and /, such that ds(E n ,j n ) > so for 
every n. 

We prove the Theorem assuming this claim. Let V n be the closure of the simply connected open subset 
of S surrounded by 7„. Then V n is a 1-normal neighborhood of E n . Furthermore, 

d s (E„,dV n ) = d s {E n , ln ) > e , 

L s (dV n ) = L s { ln ) < L s ,( ln ) < L s ,(g n ) < I . 

Given n ^ m, we have Lg* (7n), L$* (7m) < and by the Collar Lemma (see [36]) there are collars in S* 
around 7„ and 7 m of width Arccoshcoth(Z/2). These collars are pairwise disjoint, as explained in Remark l4.5l 
Then we deduce that c?s*(7m7m) > 2 Arccoshcoth(Z/2). Now Lemma T4.18I gives: 

ds{V n ,V m ) = ds(7„,7 m ) > tanh(e /2)ds*(7n:7m) > 2 tanh(e /2) Arccoshcoth(Z/2) . 

If we define r := min{eo, 2tanh(eo/2) Arccoshcoth(Z/2)}, then {E n } n is a (r, l)-uniformly separated set 
in S. 

Corollary |6.3l states that S is (5-hyperbolic if and only if S* is <5*-hyperbolic, with the appropriate behaviour 
of the constants. This finishes the proof if the claim holds. 

Now we are going to prove the claim. 

We prove first that without loss of generality we can assume 5* = D: Let it : ED — > S be a universal covering 
map. We consider F :— tt^ 1 (E) and the connected components {F n } of F. If B* :— 3\F, then ir : W — > S* 
is also a covering map. Consequently, ir defines two local isometries: P — >• S and D* — > 5*. Given any fixed 
F n then := 7r(F n ) verifies that n : F n — > E m is a bijection. Hence, Aiamj],(F n ) > diams(_E m ) > c. 

Let W n be the connected component of , K~ 1 {y m ) containing F n . Then 7^ = dW n is the simple closed 
geodesic in W surrounding just F n and Lb* (7^) = L,s*(7m) < i- Consequently, {F„}^° =1 verifies the 
hypotheses in Theorem 16.81 Since n defines bijections W n — > V m and j' n —> 7™, we have do{F ni ^' n ) = 
ds(E rn ,~f m ). In order to prove the claim we can thus assume without loss of generality that S = H>, and 

We prove now that cW* is a uniformly perfect set: Let us consider a generalized annulus A separating 
dW ; then A C D* C D and the bounded connected component of the complement of A contains some E no . 
Hence, 4cB \ E no and consequently mod A < mod(D \ E no ). 

We are looking for a lower bound of Lb\.e„ (ijn ), where r/ no is the simple closed geodesic for the Poincare 
metric in D \ E no . Consider a,b £ E no with dn{a, b) = diamn E no , and the simple closed geodesic i] for the 
Poincare metric in D \ {a, b}. We have that 

iD\_E„ Q (»7no) > i D\{a,b}( 7 7no) > ^D\{a,b}( 7 7) • 

Since B\{a, &} and D\{a', b'} are isometric if and only if dj$(a, b) = do(a' , 6'), then iD\{o,6}( 7 ?) = f(dn(ci, &)), 
for some function / : (0, 00) — > (0, 00). Since 77 surrounds {a, 6}, 

f(d B (a, b)) = £b\{o,6}(»?) > £o(f?) > 6) ; 

consequently, fit) > t and since do(a, b) — diamp E n > c, 

Lo\E no (Vn ) > in\{a,6}(^) = f(dn(a,b)) > d n (a,b) > c, 

and hence mod A < mod(D \ E no ) < tt/c. This shows that <9D* is a uniformly perfect set. 

Now, by Theorem 16.61 there exists a constant c%, which just depends on c, such that Lb* (7) > ciko-("f) 
for every curve 7 C D*. 

Let us consider a fixed n and the simple closed geodesic 7„ in ES* surrounding just E n (freely homotopic 
to g n ) with Ls*(7„) < L s *(g n ) < I- Take p € E„ and 9 £ 7„ with e := d n (E n ,^ n ) = d®(p,q). Since 
do(0,a) = 2 Arctanha, using a Mobius map if it is necessary, we can assume without loss of generality that 
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p = and q = tanh(e/2). Since Lo(jy n ) > diamn E n > c, we can consider a subcurve 7° C 7« starting at q 
and with Lo(7n) = c ! then, 



7° C B n (0,e + c) = B Eucl ( , tanh((e + c)/2) ) 

Then 

l-tanh 2 ((e + c)/2) f 2|dz| _ L D ( 7 °) 



J 7 o 



„l-|z| 2 2cosh 2 ((e + c)/2) 2cosh 2 ((e + c)/2) 



Therefore, applying Lemma |6.7[ we obtain 

I > L ,(g n ) > £ D *(7n) > ^n»(7n) > cifc D »(7") 

^g«ci(7°) ^ . , . L Eucl (-y°) 
> c\ log I H — -- — > ci log 1 H 



> d log (l + 2tanh ( £ / 2)cosh 2(( e + c )/ 2 ) 
Hence, 

2tanh(e/2)cosh 2 ((e + c)/2) > . 

g!/ci _ ^ 

Note that, for each fixed c, the function f c : (0,oo) — > (0,oo) given by / c (e) = 2tanh(e/2) cosh 2 ((e + c)/2) 
is positive and increasing in e € (0,oo). If we define 

then £0 just depends on c and I, and djj,{E ni ^f n ) — s > So for every n. This finishes the proof of both the 
claim and the Theorem. □ 
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